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History

Developed in the 1960s

Primarily by Haken, Lamb and Lax

Before this, John Klauder, George Sudarshan, Roy Glauber and
Leonard Mandel applied QM to the EM Field (50s and 60s)

Figure: Left: Hermann Haken. Right: Willis Lamb
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Setting the Stage

We need multiple theories to describe a laser: Quantum Mechanics,
Statistical Mechanics and Electrodynamics

In the figure, the levels |1⟩ and |2⟩ are coupled to the laser field

|1⟩ decays to |3⟩ at rate γ1 and |2⟩ decays to |4⟩ at rate γ2

Figure: Four-level atomic model of a laser.
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Setting the Stage

Define the density operator as the Hermitian operator (trace 1) that
acts on the Hilbert space of the system

The field within the cavity is excited by injected atoms

The density operator for the field then changes due to the interaction
with an atom injected into the cavity

This is given by the equation ρ(ti + τ) = P(τ)ρ(ti )

Time dependence may be dropped since each atom injected into the
cavity attains steady state, i.e., pump operation is independent of
time

Then the density operator can be written as
ρ =

∑∞
n,m=0 ρn,m(0)|n⟩⟨m|
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Master Equation

From time independence, we obtain the density operator: ρ′ = Pρ

Master equation: Set of differential equations over time of the
probabilities of the system

Master equation for this system that we have described:

dρ

dt
= ig [a†σ12

− + aσ12
+ , ρ]

+
γ1
2
(2σ13

− ρσ13
+ − σ13

+ σ13
− ρ− ρσ13

+ σ13
− )

+
γ2
2
(2σ24

− ρσ24
+ − σ24

+ σ24
− ρ− ρσ24

+ σ24
− )

(1)
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Master Equation

Solving the master equations gives the solution:
ρ′ =

∑∞
n,m=0 ρn,m(0)(Anm|n⟩⟨m|+ Bnm|n + 1⟩⟨m + 1|)

What is this actually saying?

We can use the Master Equation to find out information about the
system

We can convert the master equation into c-number Fokker-Planck
equations or Langevin equations

Fokker-Planck is just the time evolution of the probability density
function

That is, we model the system as a stochastic process (e.g. Brownian
motion)
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Photon Statistics

Photon number statistics

For lasers, the photon statistics approaches a Poissonian distribution

Figure: Poisson Distribution for Lasers

Note that this is for lasers above the threshold (i.e., the gain
coefficient is greater than the cavity decay rate)

Israel Ben Aron Quantum Theory of the Laser December 3rd, 2021 7 / 8



Photon Statistics

Photon number statistics

For lasers, the photon statistics approaches a Poissonian distribution

Figure: Poisson Distribution for Lasers

Note that this is for lasers above the threshold (i.e., the gain
coefficient is greater than the cavity decay rate)

Israel Ben Aron Quantum Theory of the Laser December 3rd, 2021 7 / 8



Photon Statistics

Photon number statistics

For lasers, the photon statistics approaches a Poissonian distribution

Figure: Poisson Distribution for Lasers

Note that this is for lasers above the threshold (i.e., the gain
coefficient is greater than the cavity decay rate)

Israel Ben Aron Quantum Theory of the Laser December 3rd, 2021 7 / 8



References

Walls, D.F. and Milburn, Gerard J. Quantum Optics. Springer,
Verlag, 2008.

Haken, Hermann. Laser Theory. Springer, Verlag, 1984.

Various Wikipedia entries

Israel Ben Aron Quantum Theory of the Laser December 3rd, 2021 8 / 8


